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1996 K. Dykema, U. Haagerup, M. $\mathrm{R}\emptyset \mathrm{r}\mathrm{d}\mathrm{a}\mathrm{m}$
$\tau_{i}$
$\mathrm{C}^{*}-$ $A_{i}$
$\{(A_{i,i}\tau)|i\in I\}$ $i_{1}\neq i_{2}\in I$ $x\in A_{i_{1}},$ $y,$ $z\in A_{i_{2}}$
$\tau_{i_{1}}(x)=\mathcal{T}_{i_{2}}(y)=\mathcal{T}i2(_{\mathcal{Z})}=\mathcal{T}_{i_{2}}(\mathcal{Z}^{*}y)=0$
$\mathrm{C}^{*}-$ $(A, \tau)=*_{i\in A}(A_{i}, \tau_{i})$ stable rank t 1
stable rank M. A. Rieffel [Rf]
$\mathrm{C}^{*}-$ $A$ $\mathrm{s}\mathrm{r}(A)=1$ $A$
$G(A)$ $A$ -
stable rank 1 $\mathrm{C}^{*}-$ cancellation
property K-
reduced group $\mathrm{C}^{*}$-algebra stable rank
[Rf]






(1) $A$ $T$ $G(A)$
(2) Avitzour
(3) 2 $\mathrm{C}^{*}-$ $l^{2}-$
3
1003 1997 1-14 1
2. $G(A)$
$\mathrm{C}^{*}-$ $A$ $G(A)$ A $T$
$G(A)$ $\alpha(T)$
$\alpha(T)=\inf\{||T-S|||S\in G(A)\}$ .
$\alpha(T)$ M. $\mathrm{R}\emptyset \mathrm{r}\mathrm{d}\mathrm{a}\iota \mathrm{n}$ [Rr] 1
2 5
$T$ $\tau=V|T|=|T^{*}|V$
$|T|,$ $|T^{*}|\in A_{\backslash }|T|,$ $|T^{*}|$ $[0, \lambda]$
$E,,$ $F_{\lambda}$ $VE_{\lambda}=F_{\lambda}V$
$f(0)=0$ $f$ $Vf(|T|)\in A$
1 $[\mathrm{R}\emptyset \mathrm{r}\mathrm{d}\mathrm{a}\mathrm{m}]$
$\alpha(T)=\inf\{\lambda|V(1-E_{\lambda})\in G(A)(I-E_{\lambda})\}$ .
2 $[\mathrm{R}\emptyset \mathrm{r}\mathrm{d}\mathrm{a}\mathrm{m}]$ $\mathrm{C}^{*}-$ $A$ $sr(A)\neq 1$ $||P||=$
$\alpha(P)=1$ $P\in A$
$sr(A)\neq 1$ $G(A)$ $A$ $\alpha=$
$\alpha(T)>0$ $T\in A$ $0$ $G(A)$
$||T||\geq\alpha$ $h(\mathrm{O})=0$ $h$
$h(t)= \min\{\frac{t}{a^{\mathit{1}}},1\}$ .
$T$ $\tau=V|T|$ $Vh(|T|)--P$ $P\in A$ ,
$||P||=1$ $|T|$ $h(|T|)$ –
$Vh(|T|)l\mathrm{h}P$ $E_{\lambda}$ (resp. $\tilde{E}_{\lambda}$ )
$[0, \lambda]$ $|T|$ (resp. $h(|T|)$ ) $\lambda<1$
$\tilde{E}_{\lambda}=E_{\alpha\lambda}$ $\alpha(P)<1$ 1




( $\leq$ ) $V(I-E_{\lambda})=S(I-E_{\lambda})$ $S\in G(A)$
$f_{\lambda}(0)=0$ $f_{\lambda}$





$\epsilon$ $S(f_{\lambda}(|T|)+\epsilon I)$ $G(A)$
$||T-\tau\lambda||=\lambda$ $\lambda\geq\alpha(T)$
( $\geq$ ) $a>\alpha(T)$ $\alpha(T)<b<a$ $b$
$\alpha(T^{*})=\alpha(T)<b$ $||T^{*}-X||<b$ $X\in G(A)$
$f$
$f(t)=\{$
























3[Choi] $H_{0},$ $H_{1}$ . $H=H_{0}\oplus H_{1}$
$b\in B(H)$ $bH_{0}\subset H_{1}$ $n$
$u_{1},$ $u_{2},$ $\cdots,$ $u_{n}$ $u_{i}u_{j}^{*}H_{1}\subset H_{0},$ $(i\neq i)$
$|| \frac{1}{n}\sum_{=i1}^{n}u^{*}biui||\leq\frac{2||b||}{\sqrt{n}}$
$bH\subset H_{1}$ $cH\subset H_{0}$

















Powers 2 reduced group $\mathrm{C}^{*}-$
–
$\ovalbox{\tt\small REJECT}$ $a,$ $b$ $g\in F_{2}$
$\delta_{g}(h)=$




$\mathrm{C}^{*}-$ reduced group $\mathrm{C}^{*}-$ $C_{r}^{*}(F_{2})$
$C_{r}^{*}(F_{2})$ $\tau(\cdot)=<\cdot\delta_{e}|\delta_{e}>$







$H_{0}=<\delta_{g}|g=e$ or $g=a^{\pm}\cdots>$ , $H_{1}=<\delta_{g}|g=b^{\pm}\cdots>$ .
$\lambda(b^{-k}g_{i}bk)H_{0}\subset H_{1}$ $\lambda(a^{r})H_{1}\subset H_{0}$





4[Powers] $C_{r}^{*}(F_{2})$ $x$ $\epsilon$








$\tau(y)1-y=\sum\alpha i\lambda i=2(g_{i})$ , $g_{2},$ $\cdots,g_{n}\neq e$ .




5[Powers] $C_{r}^{*}(F_{2})$ ( )
–
$C_{r}^{*}(F_{2})$ $\{0\}$ $J$ $x\in J$ $0$
$\tau$ $\tau(x)\neq 0$







Powers Choi 2, 3 2
$\mathrm{C}^{*}-$ – $\mathrm{C}^{*}-$ Choi
$\mathbb{Z}_{2}$ $\mathbb{Z}_{3}$ $\mathbb{Z}_{2}*\mathbb{Z}_{3}$




$c_{n}=(ba)^{n}b^{-1}(n\in \mathrm{N})$ $l$ $a,$ $b$
$w$ $2n\geq l$ $C_{n}^{-1}wcn$ $b$ $b$
6
$\vee\supset$ $h_{i}=ab^{arrow 1}$ (ab)’
$h_{i}h_{j}^{-1}=$
$l^{2}(G)$ 2 $H_{0},$ $H_{1}$
$H_{0=}<\delta_{g}|g=e$ or $g=a^{\pm}\cdots>$ , $H_{1}=<\delta_{g}|g=b^{\pm}\cdot\cdot.\cdot>$





6[Avitzour] $A,$ $B$ $\vee\supset \mathrm{C}^{*}-$ $\varphi,$ $\psi$
$u\in.A,$ $v,$ $w\in B$
$\varphi(u)=\psi(v)=^{\psi(w})=\psi(v^{*}w)=0$
$\varphi,$
$\psi$ $A,$ $B$ $\mathrm{C}^{*}-$
–
$\mathrm{C}^{*}-$
2 $A,$ $B$ $A*B$ $A,$ $B$
–
( &) ) $\varphi,$ $\psi$ $A,$ $B$
$A*B$ $\varphi*\psi$ $\varphi*\psi|_{A}=\varphi$ ,
$\varphi*\psi|_{B}=^{\psi}$
$(\varphi*\psi)((C_{1^{-}}(\varphi*\psi)(c_{1}))\cdots(Cn-(\varphi*\psi)(C_{n})))=0$














$H=\mathbb{C}\Omega\oplus H_{\varphi}^{00}\oplus H_{\psi}\oplus(H_{\varphi}0\otimes H_{\psi}0)\oplus(H_{\psi^{\otimes H_{\varphi}}}00)$
$\oplus(H_{\varphi^{\otimes H\otimes}}^{00}\psi\varphi H^{0})\oplus\cdots$
7
$H_{\varphi}0_{=}Ker\varphi,$ $H_{\psi}Ker\psi 0_{=}$ - C\Omega \oplus H --\sim $H_{\varphi}$
$H\cong H_{\varphi}\otimes(\mathbb{C}\oplus H_{\psi}^{0}\oplus(H_{\psi}^{0}\otimes H_{\varphi}^{0})\oplus(H_{\psi}^{0}\otimes H_{\varphi}^{0}\otimes H_{\psi}^{0})\oplus\cdots)$
- $U_{\varphi}$ $U_{\varphi}\Omega=\omega_{\varphi},$ $c$ $H_{\varphi}^{0}$
$U_{\varphi}c=C,$ $C$ $H_{\psi}^{0}$ $U_{\varphi^{\mathrm{C}=}}\omega_{\varphi}\otimes c$
$A$ $H$ $U_{\varphi}^{*}(\pi_{\varphi}(\cdot)\otimes I)U_{\varphi}$
$U_{\psi}$ $B$ $H$ 2
$A*B$ $H$ $\pi$ $\pi(A*B)$ $\varphi,$ $\psi$
$A*B$ $\mathrm{C}^{*}-$ $c\in A*B$
$(\varphi*\psi)(c)=(\pi(_{C})\Omega|\Omega)$
6 $A*B$ $A_{0}$ ,
$B_{0}$ $W_{0}$
$A*B$ $A_{0}$ $v$ $\mathbb{C}$































1 $k,$ $l,$ $m\in \mathrm{N}$ $f,$ $g$ supP$(f)\subset E_{k},$ $suPp(g)\subset E_{\mathrm{t}}$
$|k-l|\leq m\leq k+l$ $k+l-m$
$||(f*g)x_{m}||_{2}\leq||f||_{2}||g||_{2}$
$||(f*g)x_{m}||_{2}=0$
2 supp$(f)\subset E_{n}$ $||\lambda(f)||\leq(n+1)||f||_{2}$ .
3 $f$




$1\Rightarrow$ 2 $g\in l^{2}(G)$ $||\lambda(f)g||_{2}=||f*g||_{2}$
$||f*g||_{2}\leq(n+1)||f||2||g||_{2}$
$g_{k}=g\cdot\chi_{k}$ $g=\Sigma_{k=0}^{\infty}gk,$ $||g||^{2}=\Sigma_{k=\text{ }}\infty||g_{k}||_{2}^{2}$
$f,$ $g_{k}$ 1
$||(f.*g)$



















1 supp$(f)\subset E_{k},$ $supp(g)\subset E_{l}$
$(f*g)(S)= \sum_{t,u\in c,tu=S}f(t)g(u)=\sum_{|t|=k,|u|=\iota,tu=S}f(t)g(u)$
$tu$
$|k-l|,$ $|k-\iota|+2,$ $\cdots,$ $k+l-2,$ $k+l$
$m$
$||(f*g)x_{m}||_{2}=0$
($m=k+l$ ) $s=tu$ $|s|=m$ $s$ $t,$ $u$
$||(f*g) \chi m||_{2}2=|t|=k,|u|=l,|t\sum|f(t)|2|g(u)u|=k+l|^{2}$
$\leq|\iota|=k\sum_{u||=l},|f(t)|^{2}|g(u)|2=||f||_{2}^{2}||g||_{2}^{2}$
($m=k+l-2$ ) $s=tu$ $|s|=m$ $s$ $t,$ $u$
$t=t’v$ , $u=v^{-1}u’$ ,
$\cdot$
$|v|=1$
$t’,$ $u’$ – $f,$ $g$
$f’,$ $g’$
$f’(t’)=( \sum_{1|v|=}|f(t’v)|^{2})1/2$ , supp$(f’)\subset E_{k-1}$

















$F_{2}=<a,$ $b>,$ $A=C_{r}^{*}(F2),$ $A$ $G(A)$
$\mathrm{s}\mathrm{r}(A)>1$
$\mathrm{s}\mathrm{r}(A)>1$ 2 $x\in A$
$||x||=d(X, G(A))=1$
$||x||_{2}=\sqrt{\tau(x^{*}x)}<1$
















$uyv= \sum\alpha_{i}\lambda(ab^{k}gib^{-}kai=1)$ , $(uyv)2= \sum_{i,j}\alpha_{i}\alpha_{j}\lambda(ab^{k}g_{i}b^{-}kb^{k}a^{\mathit{2}}g_{j}b-ka)$
$||\cdot||_{2}$
$||.uyv||_{\mathit{2}}^{\mathit{2}}=\tau((uyv)^{*}(uyv))$
$= \tau(\sum\alpha i\overline{\alpha_{j}}\lambda i,j(a^{-1}bkgg^{-1}jib^{-k}a))=\sum i=1|\alpha_{i}|^{\mathit{2}}$
$||(uyv)\mathit{2}||_{2}^{2}=\tau(((uyv)^{\mathit{2}})^{*}(uyv)^{\mathit{2}})$
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